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ABSTRACT

Addition of the direct and indirect planetary perturbations to the
author's 1963 modification of Hansen's theory is proposed. The method
described can determine the Saturnian effects upon the motion of the
outer Jovian satellites. The expansion of the disturbing function and of
its derivatives is reduced to a form convenient for programming.
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BASIC NOTATIONS

- the jovicentric position vector of the sun

- the jovicentric position vector of the fictitious sun moving in Hansen's mean
ellipse

- Hansen's perturbations of the solar radius vector
- the elevation of the sun relative to the plane of the Hansen mean ellipse

- Gibbsian vectors of the solar mean ellipse

- the semimajor axis, ecceniricity, and mean daily motion associated with
the solar mean ellipse

- the undisturbed mean anomaly of the sun

- Hansen's perturbations of the mean anomaly of the sun
- Hansen's disturbed mean anomaly of the sun

- Hansen's disturbed true anomaly of the sun

The similar notations

r, s v u”, P, 0", R",
" " - . ,
a, . ey, nt, g —not+g0,
" 8 o 1 " c
n, oz f g ng 5z f

n

r, r, v, u, P, Q, R, ag, €,, Ng,

g T ngt+ g, n_dz, £ = g+ ngdz, f

refer to the jovicentric motion of the satellite
- the mean argument of the perigee of the satellite

- the mean longitude of the ascending node of the satellite. The plane of the solar
mean ellipse is taken as the basic reference plane.

- the mean inclination of the orbital plane of the satellite
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A= [}\ij] - the matrix which is a polynomial in Euler parameters A , A »9 Mys A, and which
carries all the periodic oscillations of the osculating orbit plane of the satellite
around its mean position

D - the jovicentric position vector of Saturn
A’', B',C'" - the projections of r’
A", B", C" - the projections of r”

A, B, C - the projections ofD

on P, 0,and R respectively
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PLANETARY EFFECTS IN THE MOTION
OF NATURAL SATELLITES

by
Peter Musen
Goddard Space Flight Centev

INTRODUCTION

In this article we develop the theory of general planetary perturbations in the motions of the
"natural" planetary satellites—one which can be applied, for example, to the outer Jovian satel-
lites to determine the effects of Saturn. This topic represents a particular case of the four-body
problem.

For the determination of the purely solar effects in the motion of the outer Jovian satellites,
the author has suggested a modified form of Hansen's theory (Musen, 1963). In the motion of these
satellites, the solar effects are strongly dominant over the effects of Saturn or any other additional
small force. Thus the determination of the direct solar effects, under the assumption that the
solar motion is Keplerian, constitutes the ""main problem' of the theory of satellite motions.

A modified form of Hansen's theory as suggested by the author was programmed by Charnow
(1966), and as a test the actual expansion of the solar perturbations and the ephemerides for 1967
and 1968 were computed for Jupiter X. The satellite was found by E. Roemer in close proximity to
the predicted position. The representation, by this theory, of 30 years (1968) of Jupiter X observa-
tions suggests that it may be necessary to include Saturnian effects in the theory of motion.

We must expect the terms affected by small divisors in the integration process to be among
the most significant terms in the expansion of the planetary perturbations. Such terms, in the
past, were discovered through attempts to find critical linear combinations of the mean anomalies
of all three bodies (i.e., combinations with very small mean motions). Obviously, such an approach
requires luck, and reasonable doubts can be raised that all the significant planetary effects can
be found in this way. We prefer to use a form of the theory and a computational scheme which
permit the computer to select the significant terms automatically and to decide their importance
on the basis of a purely numerical criterion.

Two types of planetary effects are to be included in the theory: (1) the direct planetary
effects caused by the direct perturbative action of Saturn on the satellite, and (2) the indirect ef-
fects caused by the deviation of the solar motion from its Keplerian approximation. The indirect
effects must be included in the solar part of the disturbing function. Thus they represent an im-
mediate contribution to the main problem. In order to include the direct planetary effects in the



theory presented here, necessary changes are made in the formulation of the main problem. The
basic "small parameter' in front of the solar part of the disturbing function is larger than that for
the planetary part. This means that the influence of the mutual perturbations of Jupiter and Saturn
is greater in the indirect than in the direct planetary perturbations of the satellite. Under the in-
fluence of the planetary effects, the mean argument of the perigee and the mean longitude of the
ascending node of the satellite will cease to be linear functions of time. They will also contain
terms that are quadratic in time; and, theoretically, also terms of higher orders. Thus, under the
influence of the planetary effects, the motion of these two angles will be slightly accelerated.

The form of the theory we are pursuing here is numerical. The values of the mean elements
of all bodies can be substituted from the outset, and the final output will be trigonometric expan-
sions with purely numerical coefficients. We employ ideas expressed by the author in his earlier
work on the lunar perturbations of artificial satellites (Musen, 1961) and expand the disturbing
functions into a series of polynomials in A, B, C, where A is the projection of D, the jovicentric
position vector of Saturn, on the mean line of apsides of the Jovian satellite; B is the projection of
D on the direction normal to the mean line of apsides in the orbital plane; and C is the projection
of D on the line normal to the satellite's orbital plane. These polynomials are very simple and
their trigonometric expansions can be obtained fairly easily with a computer.

The disturbing function for the direct planetary effects contains the odd negative powers of D] .
Following Newcomb's idea in his work (Newcomb, 1907) on the planetary inequalities in the motion of
the moon, we abandon the application of Laplace coefficients to obtain the trigonometric expansions
of the powers of |D|, and suggest instead the use of harmonic analysis. Of course, the Keplerian
elliptic approximations to the jovicentric motion of the sun and to the heliocentric motion of Saturn
will produce the most significant part in the expression for the direct planetary effects. However,
we shall provide a device to carry the process to higher approximations, either in order to include
them, if necessary, or to have a more precise idea of the magnitudes of the terms we omit., In this
work, in accordance with Hansen, we use the satellite's osculating orbit plane as the basic reference
plane for the expansion of the perturbations in the satellite's radius vector and mean anomaly. In
the ciassical Hansen theory, the motion of the satellite's osculating orbital plane is referred to the
osculating solar orbital plane. However, the elevations of the sun and of Saturn relative to their
mean orbital planes are very small, so that for our purposes we can refer the motions of the
osculating orbital planes of the sun to the mean orbital plane. Also in this work we can use the
existing Hill's expansions (Hill, 1890, 1906) of the Hansen coordinates of Jupiter and Saturn.

THE DIRECT PLANETARY EFFECTS IN THE ORBITAL PLANE OF THE SATELLITE

We take the mean orbital plane of the sun relative to Jupiter as the basic reference plane. The
x-axis is directed toward the perijove of Hansen's mean ellipse of the sun, and the z-axis is nor-
mal to this plane. We use the following notations:

r' - the jovicentric position vector of the sun,

r' - the jovicentric position vector of the fictitious auxiliary sun moving in

Hansen's mean ellipse,



»' - Hansen's perturbations of the solar radius vector,

u’ - the elevation of the sun relative to the plane of the Hansen mean ellipse,
P',Q',R" - Gibbsian vectors of the solar mean ellipse,
a, . e, » n/ - the semimajor axis, eccentricity, and mean daily motion associated

with the solar mean ellipse,

g' = ng t+g/ - the undisturbed mean anomaly of the fictitious sun,
n, 3z’ - Hansen's perturbations of the mean anomaly of the sun,
£ =g+ n, 8z’ - Hansen's disturbed mean anomaly of the sun,
f' - Hansen's disturbed true anomaly of the sun.

The notations

refer to the jovicentric motion of the satellite. The basic relations between the two types of posi-
tion vectors (for example, r” and ") are:

= (L+u') (T HR" Uy, (1)
= P"T"cosT' + Q"T"sinf" (2)
r' = (1+v')(r' +R'u’) , (3)
¥ = P'T cosF +Q T sinf . (4)
r = (l+u)7, (5)
T = PrcosT +QTsinT . (6)



The expansions of P, Q,R into periodic series can be obtained from the relation

[P,Q. Rl = A (') - A- A (tw) 1)

given by the author in his previous work (Musen, 1963), where A, (¢) is the matrix of rotation
around the z-axis; the A-matrix is a polynomial in the Euler parameters r,,»,, A,, A, which carry
all the periodic oscillations of the osculating orbit plane around its mean position; andw, -’ are
the mean argument of the perijove and the mean longitude of the ascending node respectively.

We obtain from Equation 7:

P - +(>\42—)\32)cos(w—cu')~%3)\4Sin(w—w')*(>\12—>\22)cos(a,+w')—2>\1)\2 sin (w+a'), (8)
Poo= + (AF-A2)sin(u-aw’) * 2 h cos (wmw) - (AF A Y sin (@t o) T D N, cos (wrw'), (9)
P, = +2(A A A A )cosw + 2(A A, A A, ) sinae (10)
Q, = - (A2-r2)sin(u-a’) - 2 r cos (wm e ) - (A2 A7) sin(@ra’) S 24 Ay cos (wha') L (1])
Q (’"42 - \‘32) cos (v =u') = 24,1\, sin(x “a’)- (’\12 _’\22) cos (w ') 2 A, sin(ata’), (12)
Q, = 2, n A A )cosw = 2(A Apt A A ) sinw (13)
R = + 2()\1 Ay T A, >\4) cosw' - 2()\1)\4+>\2)\3)Sina" , (14)
R, = - 2(2 N, A, A ) cosu - 2(N Ny Ty A ) sine’ (15)
R, = - >\12 - >\22 * }\32 * )\42 : (16)

We can set

I,
)\l = sin - + 8)\1 , (17)
>\2 = 5>\2 , (18)
N N (19)
I,
}\4 = cos & + 5>\4 s (20)



where I, is the mean inclination of the satellite's orbital plane and &x , 8Ar,, A, 5x, are of the
order of perturbations. Making use of Equations 17 through 20, we can write Equations 8 through

16 with sufficient accuracy in the form

P = P +5yxP,

0

Q = Q¢+ 3x0Q, .

R = R, + 5 xR, .
where
I I N
+ cos? =2 cos (w—-w' + sin? — cos (w+w'
) ( ) D) ( )
I, I,
P, = + cos? - sin(w-a') - sin?2 - sin(wta’)
sinI sinw J
I, I, A
- cos? -5 sin (=) - sin?2 > sin (wt ')
Iy I,
Q, * * cos? & cos (w-w') - sin? & cos (w*tw')
sin I0 coSs w J
and

- sin IO sin w’
R b - sinI  cos '

cos I0

are the main long-period parts in P, Q, and R, and
IO IO
Sy = (COS = 8A, ~sin & 8)\4>(P0 cosw=-Q, sinw)

I, I,
- \cos 5 8x, -sin & 8)\3>(P0 sinw+Q, cosw)

I

+ (sin 70 5?\2 + cos

= P, 3y, +Q, 3, + Ry Sy, .

(21)

(22)

(23)

(24)

(25)

(26)



Designating by D the jovicentric position vector of Saturn, we have

D = »" +1r'; (28)

or, taking Equations 1 and 3 into account,

=

D = (1+v")y(@r"+R'u") + (1+v')(r' +R' u") . (29)

In order to achieve symmetry of formulas and computational procedures, we decomposer”, r’', and
D alongP,Q,and R:

r" = AP +B'Q+C'R, (30)
r = AAP+BQ+CR, (31)
D = AP + BQ + CR, (32)
A = A+ A, B = B + B, cC = C +C . (33)

The disturbing function Q" associated with the direct Saturnian action, when expanded into a series
in Legendre polynomials, can be written in the form

0 - e é(i)s D x\ 1 _0">3 <_r>2
207 |2\D - & 2\D 3
+om” a03 §<a0”>7 D r\? i(aou s D r r\3
s\ ) \e) 2\ )& 6w

TN
Y

0

where m” is the ratio of the mass of Saturn to the mass of Jupiter. Making use of Equations 32,
and substituting 5 and 6 in the last equation, we obtain

g - (™Y 19|23 (Ge) a2ep2 1(_> AL
4 T 1 +m \ T (1+v) 4 \'D a? "~ 2\D a,




§(ao>7 B(3A2-B2) [T\ .
*8\D/) L5 \g) sin3fpr o (35)

where now m* designates the ratio of the mass of Saturn to the mass of the sun.

A similar form of the expansion of the disturbing function was used by the author (Musen, 1961)
in the theory of the lunar effects in the motions of artificial satellites. The application of harmonic
analysis in ¢’ and g’ would be the easiest way to expand D3, D"5, D7, --- into trigonometric series.
In order to make this harmonic analysis possible, we must expand a, 0" in powers of »', »’, u’, u”
and 5.

Setting
D, = r'+r', (36)
D = v +v'r’ +R'u+R U, (37)
we have
D = D, *+ %D+ 8y~ D, (38)

where D, and also 8y and $D are referred to the frame (PO » Q5 RO). From now on there is no need
for the subscripts onP,, Q,, R,andD . We omit them and use simply P, Q, R, andD. The notations

A", A', A ... will be associated with this new meaning of P,Q, R. We shall also change the
meaning of

and define them as the coordinates associated with the undisturbed Keplerian motions, depending
upon g’ and g respectively. Thus

" s
Fu = " —_
" cos f cos E e o o
0 0



g slawew) (1) )
8 pr a? a,) sin3 (39)
Designating the old value of a Q" by a, Q’, We have
a, Q" = a, Qo+ Ka, Q" (40)
where
_ 9 El D D D % g
= — +n'8z —— +n/ 82" —— + (8§ —— +5x — | {V — - v 30
K vr pe n z g’ n,’ 8z o < ao” + Syfx 0”> < i + a ) 8D> (41)
and
dJ J d
v = P + +
D/ag onay  Qaay "M aciay (42)



Taking Equations 28 and 37 into account and neglecting the very small quantities u’?, u”?, u'u”
u' v, u" ", we have

— d
K = zzr'é:’r n, dz' — + ng dz" —
ar 9g g
. 2, T <V N D a," g >
oo T ~ D o P
R o o D/aé’ a, aD/ao
P r’ . D a, 9
v =z .02 7
s’ \ 0y ay D gn/a;
a ' ; “u a”
LRI .(V LEL 2 6_“>
a,” a, D/ao” o aD/a0
B a' =, a’
R O
a, DAy &, a, E1EN
D
+ 5 — x V .
Vo ok (43)
Q 0
We introduce the following auxiliary notations:
IO
a" = PP - [Px" cos (v~ w') vP Sin(%'u')] cos? 5

—t

[}
¢ [P, cos (wtaw')y=P/sin(« +w)]sin? 5 + P sinl sinw . (44)

: I
a,” = Q" - P = [Qx” cos (w~a;’)+Qy“ sin (w—w’)]c052 ?0

-

+ [Qx” cos (w+ ') ~Qy” sin (w+w’)] sin? 70 + QZ" sin I, sinw , (45)

1]
1

R" - P

[Rx” cos (w-w') +Ry" sin (w- w' )] cos? 70

I
+ [R cos (w+w')- R sin(w+w')] sin? 5 + R sinI sinw , (46)
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R" -

[Py“ cos (w-w') -P, sin (w-w')] cos? 70

I

- [Py” cos (wtw' )+ P sin(w+ ' )) sin?

[Qy” cos (w-w')-Q, sin(w- o’ )] cos?

I

2

%o

2

I

+ P sin I,cosw , 47

- [Qy” cos (wtw')+Q. sin (w+ a)’)] sin? 30 + Q. sinI cosw , (48)

I

[Ry" cos (w—a')~R" sin (e-o’ )] cos? 70

I

- [Ry” cos (wtw')+tR/ sin(wtow' )] sin? 70 + Rz” sin I0 cosw , (49)

- (P” cosw' +P” sinw’) sinI, + P"cos1
y x 0 z 0

_ " L0 s /,) : + u
(Qy cosw QX sin « sxnIO Q) cos IO

- (R" cosw' +R sinw’) sinI, + R"cosI_ ,
y % 1] z 0

Io
= 2 — — 12
Px + cos 5 cos (w=a') + sin
I
P = - 2 29 Ginfe-a'y - sin?
v cos ] sin (@ -« ) S1
P = sinI sina
z 0
I
= - 2 20 ile—w'y - sin2
Q, cos® & sin(«-w') s
Io
= 2 = — ! — in2
Qy + cos® & cos (w-w") sin
sinIO cosw
R = - sinl_ sina’
X V]

=
1

- sin Io cosw'

2

I

2

1

2

I

2

cos (wtw')

’

sin (e *w')

sin (wt w'y o,

cos (wtw')

)

(50)

(51)

(52)

(53)

(57)

(58)

(59)

(60)



(61)

It is of interest to note that these auxiliary quantities are affected by the long-period perturbations

only. We have, also,

" —n
A — " T T "
— = a’ — cosf” + a
aoﬂ 1 ao" 2

" —u

B - " r T "
— = by . cos " + b,
o) 49

o Fo B

— = ¢ — cosf" + ¢,
a a, 2
0

i a ! e

A B 0 A =,
— ° —\a) =7 cosf’ +
a a a

0 0 0

L a ! i

B B 0 , T =,
- — \b) — cosf’
a a a

0 0 0

' a' =1

C _ 0 , —,
N ; cos f' +
a a a

0 0 0

A _ A" A B

" o M “
a, a, a,

4y T'
pilieary
8y &y
5
a_u
0
—u
T
1 = I3
R a———” P,
0
Fl
" _
R i
0

a1l

sinf”

sinf”

sinf”

sin?') ,

— sin?')

sinf'> .

AA” + BB +CC”

cos f" +

] ’

8y

T —
" M "
Q, - sinf”

(62)

(63)

(64)

(65)

(66)

(67)

(33)

(68)

(69)

(70)

(71)
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All the expansions in Equations 53 through 71 are purely periodic, and depend upon the basic

arguments g’, g", «, and «’.

The scalar expression of the operator K to be used in the actual computations takes the form

_ 9 o, 9 ,
K = vr ——+n)éz" = +n 82" —;
ar 0 g’ dg
' , [ "
, [ A ] B ad 4 T’ D 29 P
trili— st PN B
a, dA’a, a, dB/a; a, 0 a, ﬁD/aO"
A9 B 9 T D % g
tv — A st T 5 "
a, dA/a) a, AB/a, a, a, D aD/a
a5 u' 9 9 ., F A g
T Q * =D
a, a, LY z dB/a o aD/a

y <_A 9 _ B 9
Ys\a” Bar  ar oA oy (72)

The expansions of ¢, , ¢u,, o, 10 be substituted into Equation 72 can be obtained from Equation 27:

I, I, I, Lo
S o e N e N R T s
I, I, I, Io
I, I,
b\’/,a = gin ? 5>\2 + cos '2_ é>\3 . (27”')

Not all the perturbations in the expansion of k¥ (Equation 72) are comparable in size. For each
satellite we shall make a special decision about their relative importance, and in each particular
case the expansion of the operator K and the result of its application to a, Q" will always be

reduced to only a few terms.
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We obtained the differential equations governing the variations of Hansen's elements h 0/h,

h €cos (X—W()-noyt)"eo

— a2 ’
0 leo

by combining ideas from Hansen's planetary (1857-59) and lunar (1862) theories (Musen, 1963). We
have, in the general case,

dr r')aoQ (?aOQ
ar - ftngy¥ M Y *Nyr 3 (73)
dy h e, J aOQ ﬂaoﬂ
dt —n0y<T+2T1—01_92>+M2 at *N,r gy ' (74)
0
h da, it da,
d o 0 0
L T S T (75)

where M, N, (i =1, 2, 3) are defined by the equations:

2n 2 .- 2
0 1 r v 1 r h 1 r r
- {7 - -\ _ — a2 - = L L
M, N <1 e a02> L+v e, (1 €0 ao> ' <h02 l> €6 2o (1 ao) ' (76)
oo e rosind | 2 B (b <a°—1> 77
1 1_(,02 “0}/1—e02 1 - r hoz r : ( )
M- 2n, 1 (2 r £ 3 >d'7 i L h? ) r?2  sinf 78
- — - co - 3e - i——— 7 sinf - | —5 - -— |,
2 1-ep 1-e2 a, ©°8 o - a, 3" h? al l1-cf (78)
0
2n = =
0 r - v d r -
N, (1—e02)32 _a_o Cosf—260+'/1—eo2 l*vga_osnlf
h?2 > T sinf d r
tl— =1) e, — — — cos f |, (79)
2 0
<h0 ap 1-e2 df 8¢
no ?2
M -4 —_—,
3 1_e02 aO (80)
n, T € sin f
N = - a.

3 1_602 0 W ) (81)
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Now, however, in order to separate the main part of the direct planetary effects from a less sig-
nificant part, it will be convenient to change the meaning of some symbols again. So far the nota-

tions T and f have meant the coordinates which are functions of the disturbed mean anomaly 4.

Now we shall designate by the same symbols the coordinates which will be functions of the undis-

turbed mean anomaly g. Thus

— cosf =
2y

cosE ~ e, ,

— sinf = 1—e02 sinE;

49

and E-e;sinE = g. This change in notations requires the expansion of the right sides of Equa-

tions 76 through 81 in powers of n éz.

We now set

2n, = _
M2 : (1 ~e 2)3/2 <2 a2 COs f+ 3eo> dg ,
_ 2n, T _ T sinf (ho )
M, = —l_eozua—omnf 2—8—01_602 + ~ 1
2n0 F _
N, = - (l-e 2)3/2 a, cos f

14
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(83)

(84)

(85)

(86)

(87)

(88)

(89)




and, as before,

_ ng, F)2

Ms 1-e; <ao ’ (90)
_ ) T . -

Ny, = - (1 ‘e02)3/2 o &, sin f , (91)

with the new meaning of r and f. Setting

da, Q" da, Q"
T. = M, —35;— +N.r — , i=1,2,3
i i ag i aT (1 ) (92)

and taking into consideration that the operators a/dg, T (4/9T7) are commutative with the operator
K, we obtain the following differential equations for the contributions to Hansen's elements under
the influence of the direct planetary effects:

ant o da, _da
. - Ty + oMy Jg F Ny T aT (93)
da, 0" da_ "
dAaw _ 0 . 0
dt I'T, * oM, dg P ON,T aF (94)
h
d o _ 5
altw ¢ OIT, (95)
where the operator I' is defined as
. 9
r =1+ n, oz Er + K, (96)

and I is the identity operator. The values of n %z, v, and & taken from the solution of the main
problem can be used in the computation of Equations 93 through 96.

Our approach here differs from the approach to the main problem, in which we preferred the
method of iteration to obtain the solution. In the main problem it is difficult to split the perturba-
tions into different orders if the satellite theory is a purely numerical one. Generally speaking,
the second iteration cycle only sfaris to produce the meaningful approximations to the amplitudes
and the mean motions of the arguments of the periodic terms in the expansions of the coordinates.
The uniformity of programming is an additional important factor which favors the use of the itera-
tion process in the main problem. In the theory of the direct planetary effects the situation is dif-

ferent, because (n"/1 +m")(ny'/n,)? , the basic small parameter, is much smaller than the correspond-

ing small parameter of the main problem.

15



The most significant part of the direct planetary effects is associated with the elliptic approx-
imations to the motion of the sun and of Saturn. The terms which are linear with respect to per-
turbations in the right sides of Equations 93 through 96 are the only terms which might produce
some small but noticeable additional effects if the computation is performed with an accuracy of
1078 to 107°. In practice the operator I, like K, will always be reduced to only a few terms. The
purely secular part in Equation 94 must be transferred to the corresponding equation in the main
problem in order to determine the mean motion f n,ydt of the pericenter relative to the ideal
system of coordinates.

THE DIRECT PLANETARY PERTURBATIONS OF THE POSITION
OF THE ORBITAL PLANE OF THE SATELLITE

Previously (Musen, 1959) we have established the following equations governing the oscilla-
tions of the orbital plane around its mean position:

dhy L oL, h %t 8(80(1)[” T Fre) - n. L sin (T4 o7

o = + TA t T a7 — [e] (e - — 1in ‘v N

dt Mo @%2 7 ( V)hoﬁT(f dZ 4 a, °°8 3aOS ( ) (97)

dh, 1 h 20 (?(aOQ) LT - R

dt “ngak; *7(1’1)},0}/1—T2— a7 - 3;;] Cos(f+u)—u4a—051n(f IR (98)
0

dry . 1 h 8% "(ao“) T - T -
T Moty T3 (L R oy [ thg g cos(Tre)  h gesin(Fay L (99)
0 1-e 2 0 0
d» d{a, 0 - -
4 1 h 2,0y a,9) r - r -
it “ngmhy t g (14) o 77 _"é-oz 5z [*“ ay cos (f +u) + \za_o Sm(f*@):l ‘ (100)
where #i" 77 designates the component of the disturbing function normal to the orbital plane. In
our present case,
L <,_g -L)e
iz ™ \Ip-r'® p3 ‘ (101)

or, iﬁ the expanded form,

A" , J3r-D 15 (r-DY? 3 r?
iz mc{st 4[7? T2ps )l (102)

At this point it is convenient to change the meaning of notations in the same manner as we did in

the previous section. After this change we can set

r - D = A(Tcosf) + B(Tsin f)
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and from Equation 102 we deduce with the new meaning of the notations,

a7 n\ S
15 (30}’ (A2+B2)c 3 (2 ANEAY
- [T (F) ) <T) T] (a—ro)}+ e (103)

We set

AT 57 a cos (Fre) (104)

[=]

5 L in(f 105)
CTeEE ez e (

Then Equations 97 through 100 for the contributions to >, (i = 1, 2, 3, 4) as caused by the direct
planetary effects, after some easy transformations, take the form

diay h, I,
a0 A 1) A\, cos 3ot (\C N, AL ‘\3) . (106)
dAX, hy, I,
de 0 Ul [ A cos o= (AL, v A 0, ) (107)
dAn, h, I,
g ¢ A Trer\ - 1) A sin 5 v (A an, v A o) (108)
dAx, h I,
Gt - —|Trerlg ~ 1) Alsin 5 = (A on = A_8N,) . (109)

The purely secular terms should be transferred from Equations 107 and 108 to the corre-
sponding equations of the main problem for the purpose of determination of the mean motion of
the node and of the perigee. Normally the force component normal to the orbital plane is smaller
than the components in the orbital plane. Thus the terms in the right sides of Equations 103
through 109 which contain the perturbations as factors will be very small and in most cases can
be omitted.
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REQUIRED MODIFICATIONS IN THE MAIN PROBLEM

In this section we discuss the changes in the main problem which are necessary to account for
the deviation of the solar motion from the elliptic Keplerian motion. The expansions of the dis-
turbing function and of its derivatives as given in the author's previous work (Musen, 1963) require
some modifications. The factor 1 ++' must now be attached to t’, and r', T’ must now be con-
sidered as functions of the disturbed mean anomaly {'. Furthermore, to make the arguments
linear with respect to time from the outset, we must expand the disturbing function and its deriva-
tives in powers not only of n, 8z as before, but also in powers of n, 8z'. To perform this ex-~
pansion we must distinguish between the two uses of the symbols g and ¢’ ; that is, between their
use as arguments in the expansion of the perturbations and their use as the "elliptic' ¢ and ¢’
(constituting the main pé.rts of 4 and ¥ respectively). The expansion in powers of n, 6z, n ' 8z’
requires formation of the derivatives with respect to the elliptic g and ¢’ only.

We resort to the standard Hansen device by introducing the temporary notations », »' for g
and g’ respectively. After the expansion in powers of n o %z and n &z’ has been completed, we
remove this distinction and return to the notations g and g'. We generalize here the author's
previous expansion (Musen, 1963) by introducing the disturbing function 0* of the same external
form as in the previous work but with g,» and ¢', ;' separated. We have

~F - * * *
ag a " v a 2, *oa )" T o (110)
where
) n "\?
®  _ m 0 w3 * 1 *)
3 = 14m/<-n;>Q(782*792 ~ (111)
. m no' 2 a, «/5 3 "
{ - —_ = g¥3 . 2 L¥2 )
a, ¥, t+m' \ %/ a a (2 s 2P s (112)
+ /n'\? /a \2
Foe (o) (o) g (35 eran 15 g 3 k)
ag {y 1+m’Kn0> <ao'> 49\g s z sipltge ' (113)

The symbols s*, p*, q* are defined by

® * * * *
sToF (W E-A)sT - A N, s, ¢ (>\42—x32)s3 S SRS (114)
s oL Atvop B
p 1+v' 3 o' (115)
1 ao’
* = —_—
a 1+0' o (116)
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where

* _ 1tv
s =

1 1 +v'
S* = 1ty
2 1+
o F = 1+v
3 1+
4 1+0'

]

a

'

al
~— sin
a ;

o

f—~—cos
a,

'

a’
5= — sin
a 1

o)

(@ +e'
(p-9'
GRS

in which o, v, ¢', ¢’ are defined by the standard formulas

o

0
a- T cos (@t twtw')
0

Y tw')
tw=-w')
tw-w')

q COSs ¢ COSs ¢ — EO )
oo .
sin ¢ Yl—e2 sine
a 0
0
€~ ey sine =y,
/
— cos ¢’ cose’ - e/ ,
a 0
0
/
— sind’ Yl*e’2 sin e’
a’ 0
0
€ - e/ sine’ = '
The expansions of
p cos o
U . d) R ——
a, sin E
and of
a’ a’
0 cos¢, 0
+ 8sin * ’
P P

y

117)

(118)

(119)

(120)
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in terms of v and ' respectively, can be obtained either by using Bessel functions or by means of
the numerical harmonic analysis. After these expansions have been obtained, we can easily deduce
the expansions of Equations 111 through 120 in terms of the arguments g, ¢', g", w0, ',

We now set

= ' * 0 — _,——.?
a, 0 = T'a Q- , P73 = E (n+ )T a, 07,
P - 0 (121)

where

T = Z(“o' 52" )" gn
n! agy'"

n

is the Taylor operator, and the 'bar-operator' designates the replacement of v' by g’. This
modified value of the disturbing function must be used in association with the formulas and the
differential equations developed for the main problem instead of its previous value as given in the
earlier work (Musen, 1963). The form of the differential equations and of the integration procedure
undergoes no change. However, the form of the solution will differ from the solution to the main
problem. The series representing the coordinates will no longer be purely periodic. The inclusion
of the perturbations of the sun and of Saturn will introduce very small mixed terms into the expan-
sion of the coordinates. The mean motions of the node and of the perijove become the power series
(in practice, polynomials) with respect to time. Consequently, Hansen's long-period arguments will
become

t
w Toag J. n, (yta-m)ydt ,
0

t
oy +J. no(a+77+y')dt .
0

CONCLUSION

We have proposed here the theory and computational scheme which permit addition of the direct
and the indirect planetary perturbations, with a high degree of accuracy, to the author's modifica-
tion in 1963 of Hansen's theory. We suggest application of the method presented here to the deter-
mination of the Saturnian effects in the motion of the outer Jovian satellites. No precise statement
can be made in advance concerning the selection of terms. Each Jovian satellite displays its own
peculiarities of motion, so the final selection of the significant periodic terms must be left to the
electronic computer. The expansion of the disturbing function and of its derivatives, also the
differential equations of the problem, are reduced to a form convenient for programming.
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